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The theory of decoherence attempts to explain the emergent classical behaviour of a quantum 
system interacting with its quantum environment. In order to formalize this mechanism we in- 
troduce the idea that the information preserved in an open quantum evolution (or channel) can 
be characterized in terms of observables of the initial system. We use this approach to show that 
information which is broadcast into many parts of the environment can be encoded in a single ob- 
servable. This supports a model of decoherence where the pointer observable can be an arbitrary 
positive operator- valued measure (POVM). This generalization makes it possible to characterize 
the emergence of a realistic classical phase-space. In addition, this model clarifies the relation- 
ships among the information preserved in the system, the information flowing from the system to 
the environment (measurement), and the establishment of correlations between the system and the 
environment. 



Unless carefully isolated from their environment, phys- 
ical systems rapidly lose any distinctively quantum prop- 
erty. This phenomenon of decoherence is the main ob- 
stacle [l[ for the construction of useful quantum devices 
[3, [H ■ It generally happens on a timescale much shorter 
than thermalisation [J, [5( and is believed to be the mech- 
anism responsible for the classical behaviour of macro- 
scopic systems @, @, 0, ■ 

We take the view that decoherence takes place when 
the environment gains information about the system in 
an irreversible way. If this information also persists 
within the system, then it has been cloned (or broad- 
cast) and must therefore be classical, as the no-cloning 
theorem suggests. We will make this description precise 
and as general as possible. We will also use the idea that 
classical information is typically stored redundantly in 
the environment, as proposed in Hcj|. Although this 
article is mostly self-contained, asp ects of this work will 
be expanded in a longer paper . 

A classical limit is an observable — We need a way to 
characterize an emergent classical system within a quan- 
tum theory. The fact that a quantum system behaves 
classically implies that there exists two different models; 
a classical one and a quantum one, which simultaneously 
describe the same physical system. Since the quantum 
theory is assumed to be more fundamental, each observ- 
able of the classical model must correspond to some ob- 
servable of the underlying quantum theory. 

In order to formalize this relation, it is convenient to 
use the framework of C*-algebras which unifies the de- 
scription of quantum and classical systems. The self- 
adjoint elements of the algebra which are positive and 
smaller than the unit represent propositions about the 
physical system . i.e. yes/no observables. They are also 
called effects [12j. The addition plays the role of a logical 
or, and the unit 1 is true. A state is a way to assign prob- 
abilities to these effects. Technically we will adopt the 
framework proposed in [l3| . This means that we only use 
von Neumann algebras and normal maps between them. 



A map is normal if it is continuous with respect to the 
weak-* topology, which amounts to defining convergence 
through that of general expectation values. A classical 
system with phase-space SI is defined by the von Neu- 
mann algebra L°°(S7) of essentially bounded functions 
on SI. Note that SI can be discrete if needed. The ef- 
fects in this algebra are the functions which take value 
in [0,1]. The classical states are probability distribu- 
tions on SI, which are the absolutely integrable functions 
/i G L (Q), so that the probability associated with an 
effect / is J n f(x)[i(x)dx. For instance the proposition 
u x G w" , where uj C SI, is represented by the character- 
istic function which is 1 on w and elsewhere. The 
corresponding probability is n(x)dx as expected. For 
a quantum system, the algebra is the set of bounded op- 
erators on a Hilbert space: B(H). The effects are the 
self-adjoint operators with spectrum in [0, 1]. The states 
can be viewed as density matrices p which are trace-class 
operators: p G Bt(TL), so that the probability of an effect 
A is Tr(pA). 

We expect a classical limit to be a map translating 
propositions about the classical model into propositions 
about the underlying quantum theory: T* : L°°(S1) — » 
£>(7i). We will assume that this map preserves the basic 
structure of effects by being linear, positive and unital 
(i.e. it sends the constant function 1 to the identity 1). 
It is then automatically completely positive. As stated 
before we will also assume that it is normal. This makes 
it the adjoint of a map 

T : B t (H) -> L\fl) 

which sends quantum states to classical states. T is 
a trace-preserving completely positive map, namely a 
quantum channel (a.k.a. quantum operation). The ad- 
joint r* can be understood as representing this channel 
in the Heisenberg picture. 

There is another way to look at T: it is equivalent to a 
generalized observable, i.e. a projective-operator valued 
measure (POVM) E which associates an effect in B(H) 
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to each subset ui € CI. It is obtained by evaluating T* on 
characteristic functions of subsets of fi: E{u) — T*(xu)- 
Conversely the map T* is given from E by integration: 
r*(/) = J n f(x)dE(x). If the map T* preserves all of the 
*-algebra structure of L°°(Cl), then the effects E(uj) are 
projectors and E is the spectral measure of a self-adjoint 
operator on Tt, which corresponds to the traditional no- 
tion of observable. In this case we say that the observable 
is sharp, otherwise it is unsharp. 

This connection between classical limits and general- 
ized observables is not fortuitous. A measurement is 
precisely a situation in which a classical system — the 
pointer of the measurement apparatus — encodes infor- 
mation about a quantum system. For this reason we will 
refer to T as the pointer observable. If it is sharp it de- 
fines einselection sectors 14j and if it has no degenerate 
eigenvalue then it defines a pointer basis Q. When it 
is unsharp it can also characterize approximate pointer 
states [iff as will be shown in an example below. 

In the rest of this article, by an observable X we always 
mean a channel from a quantum to a classical system. 
Also we will refer to the operators X*(xu) as the effects 
ofX. If the observable X is discrete, it is characterized by 
its elements Xi := X*(x{i})- The corresponding channel 
maps a quantum state p to the probability sequence Pi = 
Tr(pXi). 

Example: Coherent states — It is known that the states 
of the classical electromagnetic (EM) field correspond to 
coherent states of the quantum EM field. In our lan- 
guage, the relation between the two descriptions is given 
by the coherent state POVM T. The phase-space CI of 
the classical system is parametrized by couples (A\., Il|.), 
where A l k are independent modes of the vector potential 
and W k their canonical conjugates. The pointer observ- 
able r maps a quantum state p to the probability distri- 
bution p(A, II) = (A, U\p\A, II) where \A, II) is the coher- 
ent state corresponding to the classical field with modes 
(A l k ,IT k ). This observable characterizes an approximate 
joint measurements of the non-commuting sharp observ- 
ables A l k and IP fc , but the quantum observables which 
actually correspond to the classical canonical fields are 
approximate versions of these, given by marginals of T. 
An advantage of this view over that of pointer states is 
that we can as well use a POVM describing a more realis- 
tic classical limit corresponding to a much coarser phase- 
space measurement, i.e. with uncertainties far larger 
than h. 

Example: quantization — Quantization procedures 
usually involve finding an irreducible unitary represen- 
tation of some L ie g roup acting transitively on the classi- 
cal phase-space [16]. In this case the classical limit that 
one started from is automatically recovered as a POVM 
generated by the action of the group on some specially 
selected state or effect. In the previous example the spe- 
cial state is the vacuum and the group is the canonical 
group generated by the fields A and II. This connection 



will be further elaborated in 11 1 . 

Observables preserved by a channel — We want to find 
a natural mechanism which selects a particular observ- 
able as the effective classical limit of a quantum system. 
In general, noise can reduce our ability to measure certain 
observables. Suppose that Alice sends Bob some state p 
via a noisy quantum channel £ (i.e. a completely-positive 
trace-preserving map). If Bob measures an observable Y 
(modelled as a channel) on his state £(p) then he gets 
the probability distribution of outcomes Y(£(p)). This 
means that Alice would have got the same probability 
distribution by measuring the observable X = Y o £ on 
her own state, where o denotes the composition of maps. 
Note that this is just how an observable Y evolves into 
X in the Heisenberg picture. Since Bob can simulate the 
entire statistics of the observable X on Alice's state by 
measuring Y on his own state, we can say that the in- 
formation represented by X has been preserved by the 
channel. To a channel £ we therefore associate a set of 
preserved observables 

V £ := {X | 3Y, X = Y o £} 

where X and Y are observables. For definiteness we in- 
clude only observables with values in a fixed measure 
space CI. For instance one could take CI to be the dis- 
joint union RUN, so that we include both continuous 
and discrete observables. 

To illustrate this concept, let us mention that this set 
characterizes all the sharp correctable information, in the 
sense that all the correctable observables 17| for £ be- 
long to Vs-i and can in principle be identified within it. 
Indeed, it was shown in [lit ] that any correctable sharp 
observable on some code corresponds to an unsharp ob- 
servable X which is correctable without any encoding, 
which means that there is a correction channel 1Z such 
that X — X o 1Z o £. In particular, all the sharp observ- 
ables in Ve can be simultaneously corrected. In order to 
see this, note that if X G Ve is sharp then for any of its 
effects P — which are all projectors — there exists A > 
such that £*(A) = P. By multiplying this equation on 
the left and on the right by 1 — P and applying lemma 4 of 
[IH we obtain AEk = E k P, where Ek are the Kraus-Choi 
operators of £ (i.e. £{p) = J2k ^kP-^k), from which we 
deduce PE k E k = ElAE k = E k E k P, which is the con- 
dition for the correctability of the sharp event P. Note 
that the notion of preserved information defined in (l9| 
corresponds to the set of correctable observables in Ve- 
However Ve also contains observables which are not cor- 
rectable in the sense that the inversion cannot be done by 
a valid channel. This means that some unsharp observ- 
ables can be preserved while evolving in an irreversible 
way. 

Classical sets of observables — An observable T being 
a channel from a quantum to a classical system, we can 
also consider its set of preserved observables Vr ■ An ob- 
servable on the classical system with phase-space CI is a 
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stochastic map ir from some L°°(Q') to L°°(fi). There- 
fore, observables X £ Vr preserved by T are of the form 
X = it o r. We will say that they are coarse- grainings of 
r since they amount to measuring T and then forgetting 
about some aspects of the classical result by applying 7r. 
The observables in Vr are said to be functionally coexis- 
tent [2(| , which is a generalization of the notion of com- 
mutation of sharp observables. Another way to look at it 
is to realize that Vr can be simulated by a non-contextual 
hidden variable model in the sense, for instance, of [ill ]. 
Indeed, V maps any quantum state p to a probability dis- 
tribution, and each observable in Vr can be simulated by 
a corresponding classical observable 7r to be evaluated on 
this probability distribution. 

Classicality from broadcasting — We now introduce a 
natural context in which such a classical set of observ- 
ables can be selected without the ad hoc introduction of 
a classical system. We consider a channel £ from Alice 
to an infinite sequence of systems B\, B2, -B3, . . . 

Physically, one of the target systems could symbolize a 
future state of A, and the other systems some final state 
of the environment. The map £ would then be given by 
an open or closed joint evolution of both the system and 
the environment between two moments in time, assuming 
some fixed initial state of the environment uncorrelated 
with the state of A. Partial trace over all but the ith sys- 
tem yields a channel £i : B t {HA) ~ * ${(WbJ. We want 
to characterize the information which is preserved by all 
these channels at the same time. This is a way to inter- 
pret the proposal expressed in 

.9] 

that the emergent clas- 
sical information is that which is encoded redundantly 
in the environment. In our framework this information 
is naturally encoded in the set of observables which are 
preserved by all the channels: 

i 

The sharp observables in X are correctable on more than 
one channel simultaneously, which was shown in [l7| to 
imply that they commute. Commutativity does not di- 
rectly generalize to unsharp observables, and indeed ef- 
fects of observables in X may not commute with each 
other. However we can show that any countable set 
{Xi} C X is classical in the sense introduced above. In- 
deed, let Yi be such that Xi = Yj, o Ei and consider the 
observable 

r := (Yi <8> Y 2 ® . . . ) o £ 

All the observables Xi are marginals of T, which proves 
that {Xi} C Vr- Note that any coarse-graining or convex 
combination of these observables Xi is also in Vr- Also if 
Ha is finite-dimensional then X is separable. This means 
that {Xi} can be chosen to be dense in I, so that X C Vr- 



This shows that, at least when A is finite-dimensional, 
a single observable T suffices to simulate the broadcast 
observables in X to arbitrary precision. Note that in gen- 
eral many different observables could be used to simulate 
X. For instance if X is trivial then any observable will do. 
However, if it does carry substantial information then all 
the observables which can simulate it will have in com- 
mon all the features associated with this information. 

In general we do not know whether or not the assump- 
tion of an infinite number of copies is needed to force X to 
be classical. Note for instance that two copies are enough 
to make the set of sharp observables in X classical [I?} • 

Example: measurement — Mathematically, any ob- 
servable r, be it sharp or not, can emerge in the way 
described above, provided that there is no constraint on 
the dimension of the target systems. Suppose that T 
takes value in fi. The state of the corresponding classical 
system can be copied arbitrarily many times. Let this 
operation be represented by the channel "copy" . Since 
L°°(f2) can be viewed as a subalgebra of B(H) for some 
Hilbert space H, the compound channel p 1— > copy(T(p)), 
which can also be represented as a purely quantum chan- 
nel from Bt(H) to Bt{Ti®H®. . . ), duplicates all the infor- 
mation about all the coarse-grainings of T, i.e. X = Vr- 
This is what is expected to happen in a measurement 
of r where the duplication process corresponds to the 
amplification of the signal. 

Example: symmetric cloning — Consider the optimal 
symmetric quantum cloning machine introduced in [22I ]. 
For the version which approximately clones one qubit 
into an infinite number of copies, the individual channels 
£k are all identical and act as £k{f>) = \p + § Tr(/°)|l- 
For this example it is clear that X — Vs h for any k. 
The adjoint maps £ k are linearly invertible. This implies 
that if for any classical effect /, an observable X satisfies 
x *if) = E* k {Y*{f)) for a family of effects < Y*(f) < 1 
then Y is an observable. Indeed, by linearity of the in- 
verse of £* k we have Y*(f + g) = Y*(f) + Y*{g) and 
Y*(l) = 1. This means that, if we consider the set of 
effects A = {A < A < 1}, then picking any observ- 
able X such that the range of X* lies in £* k (A) yields an 
observable in X. Let T be a SIC-POVM for a qubit, i.e. a 
discrete POVM whose elements {r , r l5 r 2 , T 3 } are pro- 
portional to projectors onto four pure states correspond- 
ing to the vertices of a regular tetrahedron inscribed in 
the Bloch sphere [23| • One can check that the convex set 
Ar := {J2i a i^i : < «i < 1} contains £*fc(A). Since 
the operators Ti are linearly independent, any observ- 
able with effects in Ar is a coarse-graining of T. Indeed, 
if X k = J2i Pik^i with J2k Xk = 1 an( i < p ik < 1 then 
we have ^ lk Pik^i = L^Tfe which by linear indepen- 
dence implies J2iPik = L, i.e. p is a stochastic matrix. 
In particular, any observable which is preserved by the 
channel £ k has its effects in ££(A) C Ar and is therefore 
a coarse-graining of T. This shows that for this example, 
X cVr for any SIC-POVM T. 
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Correlations — If two subsystems, say B\ and B 2 , re- 
ceived information about the same sharp observable of 
A then they are correlated. Indeed, consider a discrete 
POVM in X whose elements are of the form for some 
projectors Pi. Let £12 be defined from £ by partial trace 
over all subsystems except B\ and B 2 and let E% be the 
Kraus-Choi operators of £\2- There exists positive oper- 
ators Yi and Zi such that £*u(Yi <g> 1) = £*i2(l ® Zi) = 
otiPi. By multiplying on the left and on the right by 1— Pi 
we obtain on the right hand side. Using lemma 4 of [18[ 
this implies that (Yi®l)E k (l-Pi) = (l®Z i )£ , fe (l-P i ) = 
0. Therefore {Y l ®Z j )E k = {Y^Z^EkiP.PjY 1 for any n, 
which implies that £* 12 (li 2> Zj) = Pij£*vi{Yi <8> Zj-)Py 
where Py is the projector on the intersection of the two 
subspaces on which Pi and Pj project. In the case of 
a sharp observable, PiPj = fiijPi, which implies that 
£* xi^Yi ® Zj) = whenever i ^ j. This means that the 
observable Y of B\ is fully correlated to the observable Z 
of i?2- This makes a connection between our framework 
and that of 0. This result also holds when the POVM el- 
ements of the broadcast observable are only proportional 
to projectors on subspaces with trivial intersection, as is 
the case for the coherent state POVM. 

Decoherence — The simple canonical model of deco- 
herence introduced in 14 1 and extended in yields, 



for each time, an example of a broadcasting channel of 
the form studied above. Consider the channels defined 
for every time t by £ t {pA) = U t (pA ® \^e){^e\)U} where 
Ut is generated by the Hamiltonian H — J®X)i where 
J acts on the system A, on subsystem k of the en- 
vironment and \?Pe) is the initial state of the environ- 
ment. In this case the sharp observables which commute 
with J are always preserved and, if J has degenerate 
eigenspaces, never form a classical set. However, using 
a result from [ItJ , we know that these sharp observables 
must always commute with the effects of the observables 
which flow to the environment. Therefore the broadcast 
observables in X, if any, must have all their effects in 
the double commutant of J which is composed purely of 
functions of J. This means that they are always coarse- 
grainings of J itself: IC V,j. It is easy to find choices of 
\iPe) and Ki such that as t — > 00, all of the information 
about J is broadcast, i.e. X = Vj. 

Our picture generalizes many interesting aspects of this 
model. Consider a general map £ from some system A 
to its future state and to subsystems of the environment. 
Nothing forces the information preserved in A to be clas- 
sical. However we have seen that the information which 
is preserved in A and also broadcast redundantly to the 
environment is characterized by a classical set of observ- 
ables X. If X ~ Vr for an observable T then this process 
is the physical realization of a measurement of T on A by 
the environment. The redundancy guarantees the objec- 
tivity of the information stored in the environment 
Furthermore since we required this same information to 
be preserved in the system, the information contained in 



the environment is correlated with that contained in the 
final state of the system (even if it evolved), therefore 
this information has predictive power and can character- 
ize the state of a deterministic effective classical model 
of the system A. 

More generally, we can define the pointer observable 
without requiring that it be preserved in the system, and 
attribute its degradation to an additional form of noise. 
In this way we can account for destructive measurements 
or classical noise. 

Dynamics — Treatment of the dynamics is left for fur- 
ther studies. We want to note however that, as mentioned 
above, an unsharp pointer observable may transform in 
an irreversible way even if it is preserved. This matches 
the idea that phase-space can only be represented by ap- 
proximate pointer states in the sense of 15]. However, 
giving up the idea of pointer state altogether allows for 
a more realistic picture of decoherence where the local- 
ization in phase-space can be very coarse compared to 
h. The evolution of the corresponding pointer observable 
can then be arbitrary close to being reversible. 
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